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Abstract
In this note, we look at the composite integers n which divide φ(n) + σ(n).
© 2007 Elsevier Inc. All rights reserved.
For a positive integer n, let φ(n) and σ(n) be the Euler function of n and the sum of divisors
function of n, respectively. Recall that
φ(n) =
∏
pα‖n
pα−1(p − 1) and σ(n) =
∏
pα‖n
pα+1 − 1
p − 1 .
We also put ω(n) =∑p|n 1 and Ω(n) =∑pα‖n α for the number of prime divisors and prime
power divisors of n, respectively. Note that if n is prime then n | φ(n) + σ(n). Here, we put
A= {n composite: n | φ(n) + σ(n)}, (1)
and study the elements of A. It is known that n is prime if and only if 2n = φ(n)+ σ(n). Hence,
n ∈ A if and only if n = φ(n) + σ(n) with some   3. In particular, A contains no perfect
number since if n is perfect, then σ(n) = 2n and φ(n) < n, therefore 2n < φ(n) + σ(n) < 3n.
C.A. Nicol [1] was the first to study the positive integers n ∈A when  is fixed. He showed that
they cannot be square-free and conjectured that they are all even. He also showed that if α is
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infinitely many primes of the form 2α−2 · 7 − 1 for some positive integer α, it is unreasonable to
expect that one may succeed in proving that there are only finitely many positive integers n ∈A
with ω(n) = 3. In [5], Zhang showed that A contains no elements of the form pαq , where p and
q are distinct primes and α is a positive integer. See [2, p. 203] for more information. Here, we
look at the positive integers n ∈A with a fixed number of prime factors. We have the following
results.
Proposition 1. If K  2 is any fixed positive integer then A contains only finitely many positive
integers n with Ω(n)K .
Our next results answer an open question from [5].
Proposition 2. There is no positive integer n ∈A with ω(n) = 2.
While we cannot prove Nicol’s conjecture, we have the following partial result.
Proposition 3. For any fixed positive integer K  2 there are only finitely many odd positive
integers n ∈A with ω(n) = K .
Using the ideas from the proof of the above results, we can give a complete characterization
of those n ∈A such that ω(n) = 3.
Proposition 4. If n ∈A is such that ω(n) = 3, then either n = 2α · 3 · p with p = 2α−2 · 7 − 1
prime, or n ∈ {560,588,1400}.
While we cannot prove that there are infinitely many composite integers in A, we can at least
prove that there are not too many of them.
For a positive integer x put A(x) =A∩ [1, x].
Proposition 5. The estimate
#A(x) x exp(−2−1/2(1 + o(1))√logx log logx ) (2)
holds as x → ∞.
By partial summation, it follows easily that
∑
n∈A
1
n
< ∞.
We point out that A contains only 17 elements  107 all of which are even.
1. Proof of Proposition 1
Let μ(n) be the Möbius function of n which equals zero if p2 | n for some prime p and
(−1)ω(n) otherwise. Assume that Ω(n)  K . Let m be the number of divisors d of n with
1046 F. Luca, J. Sándor / Journal of Number Theory 128 (2008) 1044–1059μ(d) = −1. Clearly, m  τ(n)  2Ω(n)  2K . Here, τ(n) is the total number of divisors of n.
Write n = φ(n) + σ(n). Then
 = φ(n)
n
+ σ(n)
n
=
∑
d|n
μ(d)
d
+
∑
d|n
d
n
=
∑
d|n
μ(n/d)
n/d
+
∑
d|n
1
n/d
=
∑
d|n
μ(d) + 1
d
.
Noting that μ(d) + 1 ∈ {0,1,2} and it is non-zero precisely for m divisors d of n, we get an
equation of the form
m∑
j=1
aj
nj
= ,
where aj ∈ {1,2} and n1 < · · · < nm = n are positive integers. We show by induction that
ni  (2m)2
i−1 holds for all i = 1, . . . ,m. Indeed,
2m
n1

m∑
j=1
aj
nj
=  1,
therefore n1  2m, which proves the above assertion at i = 1. Assuming now that i > 1, we have
2m
ni
>
2(m − i + 1)
ni

m∑
j=i
aj
nj
=  −
i−1∑
j=1
aj
nj
.
The right-hand side of the above equation is a positive rational number, therefore it is at least as
large as 1/(n1 · · ·ni−1). Thus,
2m
ni
>
1
n1 · · ·ni−1 ,
leading to
ni < 2m(n1 · · ·ni−1) < (2m)1+1+2+···+2i−2 = (2m)2i−1 ,
which completes the proof of the induction step. Hence,
n = nm  (2m)2m−1  2(K+1)22
K−1
.
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We write n = pα11 pα22 , where p1 < p2. If p1  3, then
σ(n)
n
 n
φ(n)
= p1
p1 − 1 ·
p2
p2 − 1 
3
2
· 5
4
< 2,
therefore σ(n) < 2n. Since φ(n) < n, we get that φ(n) + σ(n) < 3n, which contradicts the fact
that  3. Thus, p1 = 2. In particular,
φ(n)
n
= p2 − 1
2p2
<
1
2
.
If p2  5, then
σ(n)
n
 n
φ(n)
= 2p2
p2 − 1 
5
2
,
therefore φ(n) + σ(n) < n/2 + 5n/2 = 3n, which is again a contradiction. Thus, p2 = 3 and
therefore n = 2α1 3α2 for some positive integers α1 and α2. Now
φ(n) + σ(n) = 2α1 3α2−1 + (2α1+1 − 1)(3α2+1 − 1
2
)
,
which gives
2α1+13α2 = 2α1+13α2−1 + 2α1+13α2+1 − 2α1+1 − 3α2+1 + 1.
Putting u = 2α1+1 and v = 3α2−1, we get
3uv = uv + 9uv − u− 9v + 1,
so
uv(3 − 10) = −u− 9v + 1.
Since   3 but the right-hand side of the above equation is negative, we get that  = 3, so
uv = u + 9v − 1. Hence,
u = 9v − 1
v − 1 = 9 +
8
v − 1
(note that v = 1), therefore v − 1 | 8. This leads to the possibilities v = 3 or 9, which lead to
u = 13 and 10, respectively, which are not convenient because none of them is a power of 2.
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We start with the following lemma. Let S be a fixed finite set of primes. A positive integer n
is called an S-unit if all its prime factors are in S .
Lemma 1. Given any finite set of primes S , there are only finitely many S-units in A.
Proof. Let n = pα11 · · ·pαkk . We fix p1 < · · · < pk in S . Let X = max{αi : i = 1, . . . , k}. We fix
i ∈ {1, . . . , k} such that X = αi (note that both the k primes p1 < · · · < pk in S and the index i
can be fixed in only finitely many ways). Since pXi | n and pX−1i | φ(n), the relation
n | φ(n) + σ(n)
leads to pX−1i | σ(n). However,
σ(n) =
k∏
j=1
(
p
αj+1
j − 1
pj − 1
)
.
Hence, pX−1i |
∏k
j=1(p
αj+1
j − 1). Let νp(m) be the p-adic order of the positive integer m; i.e.,
the order at which p appears in the factorization of m. The above relation implies that
X − 1
k∑
j=1
νpi
(
p
αj+1
j − 1
)
. (3)
For each j = i, let fj be the multiplicative order of pj modulo pi if pi > 2; i.e., the smallest
positive integer k such that pi | pkj − 1. When pi = 2, we take fj = 2 for all j = i. By Fermat’s
little theorem, fj | pi − 1 if pi > 2. Further, it is known (see e.g. [3]) that the inequality
νpi
(
ptj − 1
)
 νpi
(
p
fj
j − 1
)+ νpi (t) νpi (pfjj − 1)+ log tlogpi (4)
holds for all positive integers t . Hence, using inequality (4) for each one of the terms appearing
in the right-hand side of inequality (3) as well as the fact that αj  X for all j = 1, . . . , k, we
arrive at:
X − 1
k∑
j=1
j =i
νpi
(
p
fj
j − 1
)+
(
k∑
j=1
j =i
1
logpj
)
log(X + 1). (5)
The above inequality certainly shows that X is bounded by some number which can be computed
in terms of the elements of S only, which completes the proof of this lemma. 
Recall that a unitary divisor of a positive integer n is a divisor u of n such that u and n/u are
coprime.
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unitary such that
 = φ(uv)
uv
+ σ(u)v
uφ(v)
. (6)
Proof. If u = 1, then writing x = φ(v)/v, we get that x is a rational solution of the equation
x2 − x + 1 = 0. Thus, it is an algebraic integer, hence an integer, which is impossible since
x ∈ (0,1). From now on, we assume that relation (6) holds with some u > 1.
Let again n = pα11 · · ·pαkk , where 2 < p1 < · · · < pk are primes. Assume that (6) holds for
some divisors u and v of n. Clearly, we may assume that v is square-free. So, let I and J are
non-empty disjoint subsets of {1, . . . , k} such that relation (6) holds with
u =
∏
i∈I
p
αi
i and v =
∏
j∈J
pj .
Putting x = φ(v)/v, we get
 − φ(u)
u
x − σ(u)
ux
= 0,
therefore
φ(u)
u
x2 − x + σ(u)
u
= 0.
The two roots of the above quadratic are
x1,2 =  ±
√
2 − 4φ(u)σ (u)/u2
2φ(u)/u
.
Since φ(u)σ (u)/u2 < 1, φ(v)/v = x < 1 and  3, we get that the solution x1 with the + sign
exceeds (3 + √5)/2 > 1 > x. Hence,
x =  −
√
2 − 4φ(u)σ (u)/u2
2φ(u)/u
= u −
√
(u)2 − 4σ(u)φ(u)
2φ(u)
= 2σ(u)
u +√(u)2 − 4σ(u)φ(u) . (7)
Further, note that
 = φ(uv) + σ(u)v < 1 + uv ,
uv uv φ(uv)
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 − 1 < uv
φ(uv)
. (8)
Let 0 = ν2() and let λ = ν2(2φ(uv)). We first show that λ 0+2. Writing s for the cardinality
of I ∪ J , it follows that ω(uv) = s, and all prime factors of uv are odd. Hence, λ 1 +ω(uv) =
1 + s. So, it suffices to show that s  0 + 1. Inequality (8) shows that
20 − 1  − 1 < uv
φ(uv)
 p1
p1 − 1 · · ·
ps
ps − 1
 3
2
· 4
3
· · · s + 2
s + 1 = s + 2,
therefore s  20 − 2. Since the inequality 20  0 + 3 holds for all 0  3, it follows that it
suffices to assume that 0  2, and it suffices to show that s  3. If 0  1, we only need that
s  2, which is certainly true because u > 1 and v > 1 are coprime. Finally, if 0 = 2 and s = 2
we then have
3  − 1 < uv
φ(uv)
 3
2
· 5
4
= 15
8
< 2,
which is false. Hence, ν2(2φ(uv)) ν2() + 2.
Now rewrite Eq. (7) as
2φ(vu) = v(u −√(u)2 − 4φ(u)σ (u) ).
Since v is odd, we get that
ν2
(
u −
√
(u)2 − 4φ(u)σ (u) )= ν2(2φ(uv)) 2 + ν2() = 2 + ν2(u).
On the other hand, the relation ν2(a − b) = min{ν2(a), ν2(b)} holds provided that a and b
have different 2-adic valuations. Thus, we conclude that it must be the case that ν2(u) =
ν2(
√
(u)2 − 4φ(u)σ (u)) (note that √(u)2 − 4φ(u)σ (u) is an integer, so it makes sense to
speak about its 2-adic valuation). Further, it also follows that
ν2
(
u +
√
(u)2 − 4φ(u)σ (u) )= ν2(u) + 1.
In the above, we used the fact that if A = 2βX and B = 2βY , where X and Y are odd integers
and 2β+2 | A − B , then 4 | X − Y , therefore 2 ‖ X + Y ; hence, β + 1 = ν2(A + B).
We now use again Eq. (7) under the form
φ(v)
v
= 2σ(u)
u +√(u)2 − 4φ(u)σ (u) ,
to get
φ(v)
(
u +
√
(u)2 − 4φ(u)σ (u) )= 2vσ(u).
F. Luca, J. Sándor / Journal of Number Theory 128 (2008) 1044–1059 1051By computing 2-adic valuations and using again that v is odd we get that
1 + ν2
(
σ(u)
)= ν2(2vσ(u))= ν2(φ(v))+ ν2(u+√(u)2 − 4φ(u)σ (u) )
 2 + ν2(u),
giving
ν2
(
σ(u)
)
 ν2(u) + 1.
Since v is odd, we get that ν2(u) = ν2(n). Further, since u is a unitary divisor of n, we have
σ(u) | σ(n), therefore
ν2
(
σ(n)
)
 ν2
(
σ(u)
)
 ν2(n) + 1. (9)
Finally, v > 1 and odd, and since uv | n, we get that φ(uv) | φ(n), therefore
ν2
(
φ(n)
)
 ν2
(
2φ(uv)
)− 1 ν2() + 1 = ν2(n) + 1. (10)
Comparing divisibilities (9) and (10), we see that in the formula n = φ(n) + σ(n), the right-
hand side of it is divisible by a larger power of 2 then the left-hand side of it, which is the final
contradiction. 
Proof of Proposition 3. We may assume that k  3. Further, by Lemma 1, it suffices to show that
the largest prime factor pk of n is bounded. We now start looking at the small primes. Clearly,
φ(n) < n and
σ(n)
n
 n
φ(n)
=
k∏
i=1
(
1 + 1
pi − 1
)
<
(
1 + 1
p1 − 1
)k
< exp
(
k
p1 − 1
)
.
The inequality ex < 1 + 2x holds for all x ∈ (0,1/2). Thus, if p1 − 1 > 2k, then
σ(n)
n
< 1 + 2k
p1 − 1 ,
therefore
3n n = φ(n) + σ(n) < 2n + 2kn
p1 − 1 < 3n,
which is a contradiction. Hence, p1  2k + 1. We now prove recursively on i = 1, . . . , k, that
there is a function fi(k), which we will explicitly give, such that pi  fi(k). Clearly, we take
f1(k) = 2k + 1.
Assume that i  k − 1, and that fj (k) have been constructed such that pj  fj (k) for all
j = 1, . . . , i. Write ni =∏ji pαjj , mi = n/ni and rewrite the equation
n = φ(n) + σ(n),
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 − φ(ni)
ni
− σ(ni)
ni
= φ(ni)
ni
(
φ(mi)
mi
− 1
)
+ σ(ni)
ni
(
σ(mi)
mi
− 1
)
. (11)
Here, we distinguish two cases.
Case 1. The left-hand side of relation (11) is  0.
Equation (11) then leads to
σ(mi)/mi − 1
mi/φ(mi) − 1 
φ(ni)
σ (ni)
 φ(ni)
ni

i∏
j=1
(
1 − 1
fj (k)
)
:= gi(k).
Note that
σ(mi)
mi
− 1
k∏
j=i+1
(
1 + 1
pj
)
− 1
k∑
j=i+1
1
pj
,
and
mi
φ(mi)
− 1 =
k∏
j=i+1
(
1 + 1
pj − 1
)
− 1
k∏
j=i+1
(
1 + 1
pj
+ 2
p2j
)
− 1

k∏
j=i+1
(
1 + 1
pj
)
+
∑
I⊂{i+1,...,k}
I =∅
∏
j∈I
2
p2j
∏
j /∈I
(
1 + 1
pj
)
− 1

(
k∏
j=i+1
(
1 + 1
pj
)
− 1
)
+ 2
3k
p2i+1

k∑
j=1
1
pj
+
∑
I⊂{i+1,...,k}
#I>1
∏
j∈I
1
pj
+ 2
3k
p2i+1
<
k∑
j=i+1
1
pj
+ 2
k + 23k
p2i+1
<
k∑
j=i+1
1
pj
+ 2
3k+1
p2i+1
.
Hence, putting L =∑kj=i+1 1/pj , we get that
σ(mi)/mi − 1
m /φ(m ) − 1 
L
L + (23k+1)/p2 =
1
1 + 23k+1/(p2 L).i i i+1 i+1
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gi(k)
σ(mi)/mi − 1
mi/φ(mi) − 1 
1
1 + 23k+1/pi+1 ,
so
pi+1 
gi(k)23k+1
1 − gi(k) <
23k+1
1 − gi(k) ,
so we may take fi+1(k) 23k+1/(1 − gi(k)).
Case 2. The left-hand side of relation (11) is positive.
Here, we put hi(k) =∏ij=1 fj (k). To simplify notations, we let A = hi(k)2 and B = 22i . We
put qj = pαjj for all j = 1, . . . , i. We let s  i be maximal such that there exist a set of s distinct
indices {j1, . . . , js} all  i such that the inequalities
qjt  (2AB)2
t
hold for all t = 1, . . . , s.
By the maximality of s, we get that the inequality
qj > (2AB)2
s+1
holds whenever j  i is not in {j1, . . . , js}. Note that both instances s = 0 (if all qj > (2AB)2
for j = 1, . . . , i) and s = i can actually occur.
We now look for a lower bound on the expression appearing in the left-hand side of rela-
tion (11). Note that
 − φ(ni)
ni
− σ(ni)
ni
=  −
i∏
j=1
(pj − 1)
pj
−
i∏
j=1
(
pi
pi − 1 −
1
(pi − 1)qi
)
=  − φ(C)
C
− σ(D)
D
∏
1ji
j /∈{j1,...,js }
(
pj
pj − 1 −
1
qj (pj − 1)
)
,
where C =∏ji pj , and D =∏st=1 pαjtjt . Hence, putting
E =
∏
1ji
j /∈{j1,...,js }
pj ,
we may write
 − φ(ni) − σ(ni) = F − G,
ni ni
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F =  − φ(C)
C
− σ(D)E
Dφ(E)
,
and
G = σ(D)
D
( ∏
1ji
j /∈{j1,...,js }
(
pj
pj − 1 −
1
qj (pj − 1)
)
− E
φ(E)
)
.
Let us take a closer look at the number F . If s = i, then G = 0 and so F = 0 because we are in
Case 2. If s < i, then C > 1, φ(C)/C = φ(DE)/(DE), D is a unitary divisor of n, E > 1 and
D and E are coprime, and now the fact that F = 0 follows from Lemma 2. Thus, F = 0. Now
the denominator of F is

∏
ji
pj (pj − 1)
s∏
t=1
qjt = A(2AB)2
1+···+2t A(2AB)2s+1−1.
In particular, when s = i we have
 − φ(ni)
ni
− σ(ni)
ni
= F  1
A(2AB)2i+1−1
>
1
(2AB)2i+1
. (12)
If s < i, let j0 be such that qj0 = min{qj : 1 j  i, j /∈ {j1, . . . , js}}. Then
|G| 2
i
qj0
∏
ji
pj
pj − 1 
22i
qj0
.
Since qj0 > (2AB)2
s+1
, we get that
|F | 1
A(2AB)2s+1−1
= 2B
(2AB)2s+1
= 2
2i+1
qj0
> 2|G|.
Since F − G is positive, we get that F is positive, and so
 − φ(ni)
ni
− σ(ni)
ni
= F − G F
2
 1
(2AB)2s+1
 1
(2AB)2i+1
. (13)
Comparing estimates (12) and (13), we get that estimate (12) is always true.
Returning to (11), we get that
1
2i+1 <  −
φ(ni) − σ(ni) < ni
(
σ(mi) − 1
)
, (14)(2AB) ni ni φ(ni) mi
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as the facts that φ(mi)/mi  1 and σ(ni)/ni < ni/φ(ni). Since
σ(mi)
mi
 mi
φ(mi)
− 1
(
1 + 1
pi+1 − 1
)k−i
− 1 < exp
(
k − i
pi+1 − 1
)
− 1,
we get again from the inequality ex − 1 < 2x for x ∈ (0,1/2), that if pi+1 > 2k + 1, then
σ(mi)
mi
− 1 < exp
(
k
pi+1 − 1
)
− 1 2k
pi+1 − 1 ,
which combined with (14) leads to
pi+1  2k(2AB)2
i+1 + 1.
Hence, we may take fi+1(k) 2k(2AB)2
i+1 + 1.
Thus, we showed recursively that if we let f1(k) = 2k + 1 and fi+1(k) be defined for i  1 as
fi+1(k) = max
{
2k
(
22i
i∏
j=1
fj (k)
)2i+2
,23k+1
(
1 −
i∏
j=1
(
1 − 1
fj (k)
))−1}
,
then the inequality pi+1  fi+1(k) holds, which concludes the induction and the proof of Propo-
sition 3. 
4. Proof of Proposition 4
We write n = pα11 pα22 pα33 . We first show that unless n = 2α1 · 3 ·p3, where p3 = 2α1−2 · 7 − 1
is a prime, then p1 = 2, p2 ∈ {3,5} and p3  67. We next show that if X = max{α1, α2, α3}, then
X  19 after which a quick computation finishes the proof.
We start with p1. If p1  5, then
3  = φ(n)
n
+ σ(n)
n
< 1 + n
φ(n)
 1 + 5
4
· 7
6
· 11
10
< 2.61,
which is impossible, while if p1 = 3, then
3  = φ(n)
n
+ n
φ(n)
<
2
3
+ 3
2
· 5
4
· 7
6
< 2.86,
which is again impossible. Hence, p1 = 2. If p2  11, then
3 φ(n)
n
+ n
φ(n)
 1
2
+ 2 · 11
10
· 13
12
< 2.39,
which is impossible, while if p2 = 7, then
3 φ(n) + σ(n)  1 · 6 + 2 · 7 · 11 < 2.996,
n n 2 7 6 10
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3 φ(n)
n
+ n
φ(n)
 1
2
· 4
5
+ 2 · 5
4
· p3
p3 − 1 ,
which leads to p3  26.
From now on, we assume that p2 = 3. If p3  7, then
 φ(n)
n
+ n
φ(n)
 1
2
· 23 + 2 · 3
2
· 7
6
< 3.84.
Hence, either  = 3, or  = 4 and p3 = 5. From now on, we assume that  = 3. Then
n = 2α1 · 3α2+1 · pα33 ,
φ(n) = 2α1 · 3α2−1 · pα3−13 (p3 − 1),
σ (n) = σ (2α1 · 3α2)(pα33 + pα3−13 + · · · + 1).
Thus, the equation n = φ(n) + σ(n) can also be written as
p
α3−1
3 (Ap3 + B) = C
(
p
α3−2
3 + · · · + 1
)
, (15)
where
A = 2α1 · 3α2+1 − 2α1 · 3α2−1 − σ (2α1 · 3α2)= 3α2+1 − 1
2
− 2α1(3α2−1 − 1),
B = 2α1 · 3α2−1 − σ (2α1 · 3α2),
C = σ (2α1 · 3α2)= (2α1+1 − 1)(3α2+1 − 1
2
)
.
It is clear that the right-hand side of Eq. (15) is  0 and is zero if and only if α3 = 1. Further,
note that B < 0 (because 2α1 ·3α2−1 is a divisor of 2α1 ·3α2 , therefore 2α1 ·3α2−1 < σ(2α1 ·3α2)).
Thus, A > 0. We now distinguish the following instances.
Assume that α2 = 1. Then A = 4, B = −2α1 · 7 + 4. If α3 = 1, we then get that Ap3 +B = 0,
therefore p3 = 2α1−2 · 7 − 1. Assume now that α3 > 1. Then C = σ(2α1 · 3α2) = 4(2α1+1 − 1)
and p3 | C. Hence, p3 | 2α1+1 − 1. If α1 = 1, we then get p3 | 3, which is impossible. If α1 = 2,
we then get that p3 | 7. Assume now that p3 > 7. Then α1  3. Since Ap3 + B > 0, we get
that p3 > 2α1−2 · 7 − 1. Hence, p3  2α1−2 · 7 + 1 (because α1  3 and p3 is odd), therefore
p3 − 1 2α1−2 · 7. However, we also have that
Ap3 + B = C
(
p
α3−2
3 + · · · + 1
p
α3−1
3
)
 C
p3 − 1 ·
p
α3−1
3 − 1
p
α3−1
3
<
4(2α1+1 − 1)
<
32
< 5,
7 · 2α1−3 7
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p3 < 2α1−2 · 7 + 0.25,
contradicting the fact that p3  2α1−2 · 7 + 1.
Assume now that α2 > 1. Then the condition A > 0 is equivalent to
2α1+1 < 3
α2+1 − 1
3α2−1 − 1 . (16)
The maximum of the function appearing in the right-hand side of the above inequality (16) for
α2  2 is 13 and is achieved when α2 = 2. Hence, 2α1+1  10, leading to α1 = 1,2.
Assume that α1 = 1. Then A = (5 · 3α2−1 + 3)/2, B = −(23 · 3α2−1 − 3)/2, and C =
σ(2 · 3α2) = 3(3α2+1 − 1)/2. Furthermore, either α3 = 1 and p3 = −B/A, or α3 > 1 and
0Ap3 + B  C
p3 − 1 ·
p
α3−1
3 − 1
p
α3−1
3 − 1
<
C
p3 − 1 .
If α3 = 1, then putting x = 3α2−1, we get that
p3 = (23x − 3)/2
(5x + 3)/2 =
23x − 3
5x + 3 .
Hence, 5x + 3 | 23x − 3 | 23(5x + 3)− 23 · 3 − 5 · 3, leading to 5x + 3 | 3 · 28. Since x = 3α2−1
is a power of 3, we get that 5(x/3) + 1 is a divisor of 28, and x/3 = 3α2−2 is also a power of 3.
However, 28 has no such divisors. Thus, α3 > 1 and since p3 − 1 4, we get
p3 < −B
A
+ C
4A
= (23x − 3)/2
(5x + 3)/2 +
3(9x − 1)/2
4 · (5x + 3)/2 <
23
5
+ 27
20
= 5.95,
so p3  5.
Finally, assume that α1 = 2. Then A = (3α2−1 + 7)/2, B = −(55 · 3α2−1 − 7)/2 and C =
σ(4 · 3α2) = 7(3α2+1 − 1)/2. We again get that either α3 = 1 and p3 = −B/A, or α3 > 1 and
0 < Ap3 + B < C
p3 − 1 .
If α3 = 1, we then get, again with 3α2−1 = x, that p3 = (55x−7)/(x+7). Hence, x+7 | 55x−7.
Since 55x − 7 = 55(x + 7) − 392, we get that x + 7 | 392, but there is no divisor of 392 of the
form 3α2−1 + 7 for some integer α2  2. Hence,
p3 <
−B
A
+ C
4A
 55x − 7
x + 7 +
7(9x − 1)/2
2(x + 7) < 55 +
63
4
= 70.75,
therefore p3  67.
1058 F. Luca, J. Sándor / Journal of Number Theory 128 (2008) 1044–1059The above analysis shows that it suffices to look for the numbers n ∈A with p1 = 2, p2 = 3,5
and p3  67.
To bound X, we use the inequality (5) together with the fact that ν2(p ± 1)  5 for all odd
primes p  67, and if p is any odd prime  67, then νp(qp−1 − 1) 5 for all primes q  67 as
well. Hence, inequality (5) immediately shows that
X − 1 2 · 5 + 2 log(X + 1)
log 2
,
giving X  19. A computation with Mathematica now shows that the only possibilities are the
ones given in the statement of Proposition 4.
5. Proof of Proposition 5
Let x be large positive real number and y = y(x) be a function depending on x which tends
to infinity in a way we will make more precise later. Put P(n) for the largest prime factor of n
and Ψ (x;y) = #{n x: P(n) y}. It is known (see Section III.5.4 in [4]), that the estimate
Ψ (x, y) x exp
(−(1 + o(1))u logu) (17)
holds as x tends to infinity with u = logx/ logy uniformly when
exp
(
(log logx)5/3+ε
)
 y  x. (18)
From now on, we count only positive integers n x such that P(n) > y. If P(n)2 | n, it follows
that n is such that p2 | n for some prime p  y. For a fixed prime p, the number of such n x
does not exceed x/p2. Summing up over p  x1/2, we get that the totality of such n  x does
not exceed
∑
ypx1/2
x
p2
 x
x1/2∫
y
dt
t2
 x
y
. (19)
Finally, let us count the number of n ∈ A(x) with P(n) > y and P(n)2  n. Since φ(n) < n
and σ(n)/n  log logn  log logx, it follows that there exists a constant c1 such that if n =
φ(n) + σ(n) and n  x, then   c1 log logx. We fix the number . Further, we write n = mp,
where p = P(n), and we note that m and p are coprime. We fix m. Note that m x/y. Then the
equation n = φ(n) + σ(n) leads to
(
m − φ(m) − σ(m))p = σ(m) − φ(m).
Since m > 1 (because n is not prime), we get that σ(m) > φ(m). Hence, m − φ(m) − σ(m) is
non-zero and
P(n) = p = σ(m) − φ(m) .
m − φ(m) − σ(m)
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that the totality of such n does not exceed
c1x log logx
y
. (20)
Comparing the three bounds (17), (19) and (20), we see that
#A(x)  x exp(−(1 + o(1))u logu)+ x log logx
y
, (21)
and the optimal bound that follows from this argument arises when
x exp
(−(1 + o(1))u logu)= x log logx
y
.
This gives (
1 + o(1))u logu = logy + O(log logx),
therefore that
(
1 + o(1)) logx
logy
log
(
logx
logy
)
= logy + O(log logx).
Solving for y versus x we get
logy = 2−1/2(1 + o(1))(logx log logx)1/2,
as x → ∞ which satisfies (18) with ε = 1 for large x, and now estimate (21) and the above
choice of y lead to the bound claimed by Proposition 5.
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